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Abstract
We study positive solutions of a fast diffusion equation in a bounded interval with a
nonlinear Neumann boundary condition,
ut ¼ ðum1uxÞx ðx; tÞAð0; LÞ  ð0; TÞ;
ðum1uxÞð0; tÞ ¼ umð0; tÞ; tAð0; TÞ;
ðum1uxÞðL; tÞ ¼ 0; tAð0; TÞ;
uðx; 0Þ ¼ u0ðxÞ; xA½0; L;
8>><
>>:
where mo0: Every positive solution quenches in a ﬁnite time. We prove that the quenching
rate is not always the natural one given by homogeneity, but sometimes faster. We also study
the quenching set, the asymptotic behaviour close to the quenching time and the possible
continuation after that.
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1. Introduction and main results
We deal with the problem
ut ¼ ðum1uxÞx ðx; tÞAð0; LÞ  ð0; TÞ;
ðum1uxÞð0; tÞ ¼ umð0; tÞ tAð0; TÞ;
ðum1uxÞðL; tÞ ¼ 0 tAð0; TÞ;
uðx; 0Þ ¼ u0ðxÞ xA½0; L;
8>><
>>:
ð1Þ
where mo0: We assume that u0 is a C1 function that satisﬁes
(H1) u0Xd40; u00X0; u
0
0ð0Þ ¼ u0ð0Þ; u00ðLÞ ¼ 0:
The equation in (1) models for example, the diffusion of Cr or Zn and Be in GaAs
[YTG,YTG2], or the heat conduction in solid hydrogen [R].
Problem (1) can also be thought of as a model for nonlinear heat propagation,
where u stands for the temperature. The boundary condition can be viewed as a
particular case of a nonlinear radiation law at the boundary in which the term
um1ux represents the outgoing heat ﬂux. This kind of boundary conditions appear
also in combustion problems when the absorption happens only at the boundary of
the container, for example because of the presence of a solid catalyzer, see [MV] for a
justiﬁcation. The choice of the prescribed ﬂux f ðuÞ ¼ um at x ¼ 0 implies the
invariance of the interval under the natural scaling of the problem, see (6).
Local in time existence of positive classical solutions of this problem and
comparison arguments can be easily established. The time T is the maximal existence
time for the solution. Our ﬁrst result shows that T is always ﬁnite, in the sense that u
vanishes at x ¼ 0 and the heat ﬂux at the boundary becomes singular. We say that u
quenches in ﬁnite time. Some authors (see [K]) understand quenching when ut
becomes unbounded. In this situation this is also true:
Theorem 1. For every initial data u0 there exists a finite time T40 such that
lim inf
t-T
uð0; tÞ ¼ 0; lim sup
t-T
jjutð; tÞjjN ¼N:
Quenching phenomenon has deserved a great deal of attention in recent years, see
for example [C,L,L2].
As to the velocity at which the solution tends to zero, an easy dimensional analysis
of problem (1) shows that there exists a natural quenching rate
a ¼ 1
1 m ð2Þ
in the sense that the following estimates
c1ðT  tÞapuð0; tÞpc2ðT  tÞa ð3Þ
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would hold for every solution u that quenches at time T40: Our purpose in the
present work is to prove that this is not always the case, and we could have
lim inf
t-T
ðT  tÞauð0; tÞ ¼ 0:
In fact, we will ﬁnd that the limit of ðT  tÞauð0; tÞ exists and is a positive constant
(natural quenching rate) or
lim
t-T
ðT  tÞauð0; tÞ ¼ 0; ð4Þ
what we will call superfast quenching. In other words, for some solutions the
quenching rate is faster than the natural one. We prove that superfast quenching
depends on m and the length L of the interval. A similar result holds for the
semilinear blow-up problems considered in [BB] and [HV], though in the latter case
the example of superfast blow-up appears only in large dimensions.
We remark that the upper bound in (3) is easy to derive and holds for all the
solutions in all the cases mo0 and L40; so quenching cannot be superslow.
On the other hand, problem (1) admits, for each mo0 and some range of lengths L
depending on m; solutions in self-similar form (which in this case means separated
variables)
Uðx; tÞ ¼ ðT  tÞaFðxÞ; ð5Þ
where a is the same as in (2). See Section 3. The main result of the paper asserts that,
under some restrictions on the initial data, the quenching rate for the solutions to
problem (1) is natural if and only if there exist self-similar solutions. This is the
reason why the natural rate could also be denominated as self-similar rate.
In order to characterize the quenching rates we need an extra monotonicity
assumption. We assume
(H2) utp0 for t near T :
This hypothesis holds for example for solutions with smooth compatible initial data
such that ðum10 u00Þ0p0: In some particular cases another condition on u0 will be
assumed:
(H3) The initial datum u0 have only one intersection with Uðx; 0Þ; where Uðx; tÞ is a
self-similar solution with the same quenching time as u; and also that
u0ð0Þ4Uð0; 0Þ:
In particular we prove
Theorem 2. Let hypotheses (H1) and (H2) hold.
(i) If mo 1 then the quenching rate is always natural.
(ii) Let 1pmo0: If 0oLp 1=m then the quenching rate is natural, while there
exists L ¼ LðmÞX 1=m such that if L4L the quenching rate is superfast.
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(iii) If 1=moLpL and 1=3pmo0; assume (H3) holds. Then the quenching rate
is natural.
The critical length LðmÞ appears as a limit case in the existence of self-similar
proﬁles, see Section 3. It satisﬁes L4 1=m if mo 1=3 and L ¼ 1=m if
1=3pmo0: It will also be critical in the description of the quenching sets, see
below. Remark that for the case 1=moLpL; 1=3pmo0 we obtain the natural
quenching rate but we have to impose some additional assumption on the initial
data, that we conjecture is merely technical.
We next want to show that the asymptotic behaviour of the solutions uðx; tÞ of
problem (1) as t approaches T are described by the proﬁles F when they exist.
Following the standard technique, we introduce the new rescaled function
f ðx; tÞ ¼ ðT  tÞauðx; tÞ; t ¼ logð1 t=TÞ: ð6Þ
Therefore, the problem of the asymptotic behaviour of uðx; tÞ near a ﬁnite quenching
time T40 is reduced to the problem of the stabilization of f ðx; tÞ as t-N: We
prove the following results.
Theorem 3. Let u be a solution to problem (1) satisfying (H1).
(i) If the quenching rate is natural then there exist a sequence tn-T such that,
uðx; tnÞ
ðT  tnÞa-FðxÞ as n-N;
where F is one of the stationary profiles constructed in Theorems 12 and 13. The
profile is unique, and convergence holds for every sequence, if Lo 1=m:
(ii) If the quenching rate is superfast and (H2) holds, then
umðx; tÞ
umð0; tÞ-VðxÞ ¼ ð1þ mxÞþ as t-T :
We remark that a similar characterization is obtained in [BB] for a problem with
superfast blow-up.
Next, we deal with the study of the points in ½0; L where u vanishes, which
coincides with the set, QðuÞ; of points where ut blows up, see Corollary 8. As a
consequence of the previous theorem, we obtain
Theorem 4. Let u be a solution to problem (1) satisfying (H1), and assume that the
quenching rate is natural. Then, if 1pmo0 the quenching is always global, QðuÞ ¼
½0; L; while if mo 1 three different cases appear:
(i) If 0oLp 1=m; then the quenching is global.
(ii) If 1=moLpL; then global quenching or regional quenching may occur
depending on the initial data. Moreover, ½0;1=miQðuÞ:
(iii) If L4L; then the quenching is regional and ½0;1=miQðuÞD½0; 2=ð1 mÞ:
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Theorem 5. Let u be a solution to problem (1) satisfying (H1) and (H2), and assume
that the quenching rate is superfast. Then quenching is always regional, and moreover
QðuÞ ¼ ½0;1=m:
Observe that in the last theorem we must have mX 1: Also, in Theorem 4 the
quenching is always natural if mo 1 or Lo 1=m:
An important aspect of quenching problems is the possibility of having a
nontrivial extension of the solution for times t4T : If such a continuation exists we
say that quenching is incomplete; otherwise, it is called complete, see [FG]. A natural
way of obtaining a continuation consists of approximating the ﬂux nonlinearity um
in problem (1) by a sequence of functions fnðuÞ such that the corresponding solution
is well deﬁned and positive for every t40: See the precise deﬁnition in Section 5.
We then obtain a sequence of global solutions fung; and we want to extend our
original solution uðx; tÞ for t4T as the limit
%uðx; tÞ ¼ lim
n-N
unðx; tÞ; ð7Þ
since for toT they coincide. We prove that the above limit becomes identically zero
after T ; obtaining complete quenching. This has to be contrasted with what happens
with the heat equation where quenching is incomplete, see [FG].
Theorem 6. Problem (1) has complete quenching, that is
%uðx; tÞ  0; for every xA½0; L; t4T :
Organization of the paper. In Section 2 we establish some preliminary results. In
Section 3 we study the self-similar proﬁles. Theorems 2–5 are proved in Section 4.
Finally, Theorem 6 is proved in Section 5.
2. Preliminaries
Let us ﬁrst prove that quenching always happens for the solutions to problem (1).
Proof of Theorem 1. We consider the total mass of the solution uðtÞ; that is
MðtÞ ¼
Z L
0
uðx; tÞ dx:
Differentiating and using the boundary conditions, we get
M 0ðtÞ ¼
Z L
0
utðx; tÞ dx ¼
Z L
0
ðum1uxÞx dx ¼ umð0; tÞ: ð8Þ
ARTICLE IN PRESS
R. Ferreira et al. / J. Differential Equations 199 (2004) 189–209 193
Since the initial data is bounded a comparison argument gives that uðx; tÞpjju0jjN:
Hence, using that mo0 we get
M 0ðtÞp K:
Then the mass MðtÞ should vanish at some ﬁnite time t040; a contradiction if we
assume that the solution uðtÞ is positive for every t40: Finally, (8) implies thatR L
0 ut-N and therefore ut cannot be bounded. &
We now prove that the set of points where u vanishes coincides with the set of
points where ut blows up. This is an immediate consequence of the following lower
bound for u:
Lemma 7. Let mo0; then
lim sup
t-T
uð0; tÞ
T  t ¼N:
Proof. We consider the function
Uðx; tÞ ¼ uðx; tÞ
T  t ; t ¼ ðT  tÞ
m;
which veriﬁes the following problem,
mUt ¼ ðUm1UxÞx þ 1t U ; ðx; tÞAð0; LÞ  ðTm;NÞ;
Um1Uxð0; tÞ ¼ Umð0; tÞ; tAðTm;NÞ
Um1UxðL; tÞ ¼ 0; tAðTm;NÞ
Uðx; TmÞ ¼ 1
T
u0ðxÞ; xAð0; LÞ:
8>><
>>:
Now, in order to get a contradiction we assume that Uð0; tÞpC; and deﬁne,
IðtÞ ¼
Z L
0
Uðx; tÞ dx:
From the problem for U ; we get
mI 0ðtÞ ¼ 1
t
IðtÞ  Umð0; tÞp1
t
IðtÞ  Cm:
Then by integration,
IðtÞptðC1  C2 logðtÞÞ;
and IðtÞ should vanish at some ﬁnite time t0: This implies that u must vanish at some
point and at some time T 0oT ; which is a contradiction. &
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Observe that this implies that quenching cannot be too fast: even in the case of
superfast quenching, if we have uð0; tÞBgðT  tÞ; it must be g sublinear.
Corollary 8. In the above hypotheses,
QðuÞ ¼ f0pxpL : (ðxn; tnÞ-ðx; TÞ such that uðxn; tnÞ-0g
¼f0pxpL : (ðxn; tnÞ-ðx; TÞ such that utðxn; tnÞ-Ng:
Proof. First, if u is bounded from below at some point 0px0pL; standard
regularity theory asserts that ut remains bounded in a neighbourhood of x0:
Assume by contradiction that utðxn; tnÞX C4N; while uðxn; tnÞ-0: Then,
integrating in ½t; tn we get
uðxn; tÞ  uðxn; tnÞ ¼ 
Z tn
t
utðxn; sÞ dspCðtn  tÞ:
Taking limits, for t4t0 we have
uð0; tÞpuðx; tÞpCðT  tÞ;
and this is a contradiction with Lemma 7. &
Lemma 9. Assume hypothesis (H2) holds. Then for every 0pxp 1=m and every
0otoT ; the following inequality holds:
umðx; tÞXumð0; tÞð1þ mxÞ:
Proof. By the mean value theorem we have, for some xAð0; xÞ;
umðx; tÞ  umð0; tÞ
x
¼ ðumÞxðx; tÞXðumÞxð0; tÞ ¼ mumð0; tÞ:
The results follows. &
Corollary 10. The quenching set always contains the interval ½0;1=m:
Observe that then single-point quenching is not possible for problem (1). Compare
with the situation for the Dirichlet problem considered in [FPQR], in which the
quenching set is always fx ¼ 0g if 1omo0 and L large enough. This apparent
contradiction, if the quenching rate for problem (1) is natural, motivates our study of
the possible superfast quenching phenomenon.
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3. The self-similar proﬁles
In this section we construct the proﬁles corresponding to the self-similar solutions
(5). See also [CFQ,FPQR,FV], for the construction in related problems.
We look for solutions to the following problem:
ðF m1F 0Þ0 þ aF ¼ 0; for 0oxoL;
Fm1F 0ð0Þ ¼ F mð0Þ;
Fm1F 0ðLÞ ¼ 0:
8><
>: ð9Þ
As in [FPQR], we consider the following variables:
XðzÞ ¼ Fm1ðxÞ; Y ðzÞ ¼ ðFm1Þ0ðxÞ; dz ¼ dx
X
; ð10Þ
and study the trajectories in the fourth quadrant Y ¼ fXX0; Yp0g satisfying
dX
dz
¼ XY ;
dY
dz
¼ X þ aY 2:
8><
>: ð11Þ
Observe that the equation for F implies Yp0: The condition at x ¼ 0 is translated
into shooting from the line L ¼ fX þ aY ¼ 0g: The condition at x ¼ L means that
the trajectories end at the horizontal axis Y ¼ 0:
In the case mo 1; the separatrix between the two behaviours observed in Fig. 1
is the explicit trajectory
G ¼ X  1 2a
2
Y 2 ¼ 0
 
; ð12Þ
which gives the explicit proﬁle
F0ðxÞ ¼ m 2
1 m  x
	 
2=ð1mÞ
; m1m ¼ 2ðm þ 1Þ
m  1 : ð13Þ
Observe that F0 is not bounded but has zero ﬂux at x ¼ L ¼ 2=ð1 mÞ; and
therefore it satisﬁes the boundary condition at that point. On the other hand, the
trajectories entering the origin below G satisfy jYðX ÞjEX a: They have length
L ¼
Z Fm1ð0Þ
0
dX
jY ðXÞjoN
and the corresponding (unbounded) proﬁles satisfy
FðxÞEðL  xÞ1=m:
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This means that they do not satisfy the boundary condition at x ¼ L: However, they
will be useful in the sequel in comparison and asymptotic arguments. In a previous
work [FPQR], these unbounded self-similar proﬁles also appear as possible limits of
the solutions of a related Dirichlet problem. They produce compactly supported
solutions in pressure variable v ¼ um1; considered in viscosity sense. We do not need
to use these concepts in the present work.
In the case 1pmo0; the phase-plane picture is the same as in Fig. 1, but for the
explicit trajectory G which has moved to the vertical axis. No trajectories in this
quadrant enter the origin. In particular this means that all the proﬁles F are
bounded.
We now proceed to characterize the length of the self-similar proﬁles constructed
before. To do that we observe that there exists a ﬁrst integral equation of (9), giving a
constant energy
EðxÞ ¼ 1
2
ðFm1F 0ðxÞÞ2 þ 1
1 m2 F
mþ1ðxÞ ¼ E; ð14Þ
if ma 1: The case m ¼ 1 contains a logarithmic term and needs easy
modiﬁcations. At x ¼ 0 we have
Eð0Þ ¼ 1
2
F2mð0Þ þ 1
1 m2 F
mþ1ð0Þ:
Observe that if m4 1 this implies that F is bounded. On the other hand, if mo
1; the proﬁles with negative energy are bounded, while there exists unbounded
proﬁles with nonnegative energy. The limit case E ¼ 0 corresponds to the explicit
unbounded proﬁle (13).
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Since F must be nondecreasing (see above), we get from (14) that the proﬁle F is
given by the implicit formulaZ FðxÞ
Fð0Þ
sm1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2E  2
1m2 s
mþ1
q ds ¼ x: ð15Þ
We thus get the following expression for the length L in terms of the values A ¼ Fð0Þ
and B ¼ FðLÞ;
L ¼
Z B
A
sm1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2E  2
1m2 s
mþ1
q ds: ð16Þ
We want to draw the graph of L in terms of the value of F at the origin, L ¼ LðAÞ:
Allowing for B to take the value B ¼N in the case mo 1; we include in the graph
also the unbounded proﬁles. Observe that we have the energy given in terms of A;
2E ¼ A2m þ 2
1 m2 A
mþ1;
As we say above, in the case mo 1; the unbounded proﬁles correspond to EX0;
i.e. 0oApA ¼ ð 2m21Þ1=ð1mÞ; while the bounded proﬁles imply Eo0; i.e. A4A:
Lemma 11. The function LðAÞ is continuous in ð0;NÞ and satisfies
1. limA-0 LðAÞ ¼ 1=m; limA-N LðAÞ ¼ 0:
2. If 1=3pmo0; L is strictly decreasing.
3. If mo 1=3; then L is first increasing and then decreasing.
Proof. Assume ﬁrst m4 1: In this case all the proﬁles are bounded, therefore the
energy at x ¼ L gives us the relation
2E ¼ 2
1 m2 B
1þm;
and then (16) can be written as
L ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
2
s
Bðm1Þ=2 IðA=BÞ; ð17Þ
where
B ¼ BðAÞ ¼ A1þm þ 1 m
2
2
A2m
	 
1=ð1þmÞ
;
IðzÞ ¼
Z 1
z
sm1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 smþ1
p ds:
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The limits in 1. are immediate from the fact that IðzÞ converges at z ¼ 1 and the
behaviour IðzÞE1
m
zm for zE0: To see that L can only have one maximum we
differentiate the expression for L to get
L0ðAÞ ¼ m  1
2
B0ðAÞ
BðAÞ ðLðAÞ  HðAÞÞ;
where
HðAÞ ¼ ð1 mÞ
mðm  1Þ  A1m:
The point A0 at which B
0 ¼ 0 coincides with the vertical asymptote of H: Thus if at a
point A1 we have L
0ðA1Þ ¼ 0; this means LðA1Þ ¼ HðA1Þ: We end with the
observation that H is monotone increasing for 0oAoA0 and H is negative for
A4A0: The fact that this maximum of L indeed exists depends on the behaviour near
A ¼ 0: For AE0 we have
LðAÞ þ 1
m
E
D1ðmÞA1m if  1omo 1=2;
4A3=2 log A if m ¼ 1=2;
D2ðmÞAð1mÞ=ð1þmÞ if  1=2omo0; ma 1=3;
27
4
A4=3 if m ¼ 1=3;
8>>><
>>>:
ð18Þ
where
D1ðmÞ ¼ 1
mð1 mÞð2m þ 1Þ;
D2ðmÞ ¼ 2
1 m2
	 
m=ðmþ1ÞXN
j¼0
ð1Þj 1=2
j
 
m þ ðm þ 1Þj:
Observe that D1ðmÞ40; while D2ðmÞ40 if and only if mo 1=3: In fact the sum
appearing in D2 is monotone decreasing in m and vanishes for m ¼ 1=3:
Assume now mo 1: If we restrict ourselves to bounded proﬁles, the above
arguments hold word by word just by replacing the point A ¼ 0 by the point A ¼ A
and the limit limArA LðAÞ ¼ 2=ð1 mÞ: The unbounded proﬁles are studied in a
similar way by considering formula (16) in the form
LðAÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
m21
2
q Z N
A
sm1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
smþ1  Amþ1 þ m212 A2m
q ds;
which is an increasing curve for 0oAoA; and satisﬁes limAsA LðAÞ ¼ 2=ð1 mÞ
and limAr0 LðAÞ ¼ 1=m: &
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Theorem 12. Assume 1pmo0:
(1) If 1=3pmo0; there exists a unique bounded profile if Lo 1=m; while for
LX 1=m no profiles exist.
(2) If 1pmo 1=3; there exists a critical length L4 1=m; depending on m; such
that:
(i) if 0oLp 1=m or L ¼ L; there exists a unique bounded profile;
(ii) if 1=moLoL; there exist two bounded profiles;
(iii) if L4L; there exist no profiles.
Theorem 13. Assume mo 1: There exist a critical length, L42=ð1 mÞ; depending
on m; such that:
(i) if 0oLp 1=m or L ¼ L; there exists a unique bounded profile F solution to
problem (1);
(ii) if 2=ð1 mÞoLoL; there exist two bounded profiles;
(iii) if L4L; there exist no bounded profiles.
(iv) for every L4 1=m and 1=mo %Lpminf2=ð1 mÞ; Lg; there exists a unique
profile defined in ½0; %LÞ; and satisfying limx- %L FðxÞ ¼N:
4. Asymptotic behaviour
We begin with the problem of characterizing the quenching rates. We always
assume throughout this section that hypotheses (H1) and (H2) hold.
Lemma 14. Let mo0; then
uð0; tÞpc2ðT  tÞa:
Proof. In order to use Lemma 9, we ﬁx a point 0ox0o 1=m and consider the
function
IðtÞ ¼
Z x0
0
uðx; tÞ dx;
which veriﬁes
I 0ðtÞ ¼ um1uxðx0; tÞ  um1uxð0; tÞX umð0; tÞ:
We have used the fact that u is increasing in the space variable. Also, using Lemma 9
we have that
cuð0; tÞpIðtÞpCðx0Þuð0; tÞ: ð19Þ
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Summing up we obtain the following inequality
I 0ðtÞX CImðtÞ;
and by integration we obtain the desired upper bound. &
Lemma 15. Let Lo 1=m or L ¼ 1=m and mo 1: Then
uðx; tÞXc1ðT  tÞa:
Proof. If Lo 1=m we can take x0 ¼ L in the above proof and then we have (19)
and also I 0ðtÞ ¼ umð0; tÞ: Following the same argument the lower bound is
deduced. In the case L ¼ 1=m we use, instead of (19), the estimate
IðtÞpIð0Þ
Z 1=m
0
ð1þ mxÞ1=m dx ¼ CIð0Þ;
if mo 1: &
In order to complete the range of parameters for which the natural rate holds, we
use an extra hypothesis on the initial data, denoted (H3) in the introduction.
Lemma 16. Let L be such that there exists a self-similar solution Uðx; tÞ with
quenching time T : Assume that the initial datum u0 have only one intersection with
Uðx; 0Þ and also that u0ð0Þ4Uð0; 0Þ: Then
uð0; tÞXUð0; tÞ ¼ CðT  tÞa:
Proof. Arguing by contradiction, assume that there exists a ﬁrst time t0oT such
that uð0; t0Þ ¼ Uð0; t0Þ: By intersection comparison (that we can apply since u and U
are strictly positive in ½0; t0), at this time t0 we must have uðx; t0ÞpUðx; t0Þ for every
0pxpL; and uðx; t0ÞcUðx; t0Þ; therefore u and U must quench at different times, a
contradiction. &
Lemma 17. Assume that LX 1=m; then there exits a constant c40 such that, for
every 1=mpxpL;
uðx; tÞXcðT  tÞa:
Proof. Deﬁne the function
JðtÞ ¼
Z 1=m
0
uðx; tÞð1þ mxÞ dx:
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First, using that uxX0 we have
JðtÞpuð1=m; tÞ
Z 1=m
0
ð1þ mxÞ dx ¼ cuð1=m; tÞ:
Now, an easy integration by parts shows that
J 0ðtÞ ¼ umð1=m; tÞ:
Therefore, integrating between t and T and using that utp0; we get
JðtÞ ¼
Z T
t
umð1=m; sÞ dsXumð1=m; tÞðT  tÞ:
These two estimates together imply
uð1=m; tÞXcðT  tÞa;
and we conclude using again that u is nondecreasing in x: &
Corollary 18. If quenching is superfast, then, for every 1=mpxpL there exists a
sequence tn-T such that,
uðx; tnÞ
uð0; tnÞ-þN:
Theorem 19. Assume that there exists a point 1=mpx0oL; and a sequence tn-T ;
such that
uðx0; tnÞ
uð0; tnÞ-þN: ð20Þ
Then
QðuÞD½0; x0:
Proof. We want to prove that uðy; tÞ is bounded from below for any x0oyoL: To
this end we deﬁne the function
Kðy; tÞ ¼
Z y
0
uðx; tÞð1þ mxÞ dx:
We easily have
Kðy; tÞX cuðy; tÞ
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and
Ktðy; tÞ ¼ um1uxðy; tÞð1þ myÞ  umðy; tÞp0:
Therefore cuðy; tÞpKðy; tÞpKðy; tnÞ; for every tXtn: On the other hand, we can
split this last integral in the form Kðy; tnÞ ¼ I1 þ I2 þ I3; where
I1 ¼
Z 1=me
0
uðx; tnÞð1þ mxÞ dxpcðeÞuð0; tnÞ;
I2 ¼
Z x0þe
1=me
uðx; tnÞð1þ mxÞ dxp0;
I3 ¼
Z y
x0þe
uðx; tnÞð1þ mxÞ dxp CðnÞuð0; tnÞ;
where CðnÞ-N: We have used Lemma 9 to estimate I1 and hypothesis (20) to deal
with I3: In this way we can ﬁx e40 small and take n large enough in order to have
I1 þ I3p Co0: This proves that uðy; tÞ must be bounded below. &
From this result, the proof of Theorem 5 follows easily, since we can take x0 ¼
1=m in (20). In fact, the converse also holds if L4 1=m:
Lemma 20. If L4 1=m and the quenching set is QðuÞ ¼ ½0;1=m; then
lim
t-T
ðT  tÞauð0; tÞ ¼ 0;
and therefore quenching is superfast.
Proof. By contradiction, assume that there exists a sequence tn-T such that
ðT  tnÞauð0; tnÞXC:
Let
Fðx; tÞ ¼ 1ðT  tÞ
Z T
t
umðx; sÞ
umð0; sÞ ds:
We observe that 0oFp1 and FxxX0: Moreover, if 0oxo 1=m; and t ¼ tn; thanks
to Lemma 9,
Fxxðx; tnÞ ¼ mðT  tnÞ
Z T
tn
utðx; sÞ
umð0; sÞ dsX
mð1þ mxÞ
ðT  tnÞ
Z T
tn
utðx; sÞ
umðx; sÞ ds
¼ mð1þ mxÞð1 mÞðT  tnÞ u
1mðx; tnÞXCðxÞ40:
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Also, Z L
0
ðFxÞ2ðx; tnÞ dxp Fð0; tnÞFxð0; tnÞ ¼ m:
Thus the sequence Fðx; tnÞ is bounded in H1ð0; LÞ; and hence there exists a
subsequence tnk such that
Fðx; tnkÞ-xðxÞ;
weakly in H1 and uniformly in ½0; L: As the quenching set veriﬁes QðuÞ ¼ ½0;1=m;
and x is continuous, we obtain xðxÞ ¼ 0 for every 1=mpxpL:
We ﬁnally have
0o
Z 1=m
0
Fxxðx; tnk Þð1þ mxÞ dx ¼ mFð1=m; tnkÞ- mxð1=mÞ ¼ 0:
This leads to a contradiction. &
Lemma 21. Let mo 1; L4 1=m and assume that the quenching rate is superfast.
Then there exists d40 such that the quenching set satisfies QðuÞ*½0;1=m þ d:
Proof. We consider the function
hðx; tÞ ¼ AðT  tÞað1þ mxÞ2a; Aa ¼ 2m
2ðm þ 1Þ
m  1 ;
which is a solution of the equation in problem (19). As u has superfast quenching
rate, and thanks to Lemma 9, there exists t0oT such that hðx; tÞ4uðx; tÞ for
0oxo 1=m and t0otoT : Moreover, the rescaled function hlðx; tÞ ¼
lhðlð1mÞ=2x; tÞ; with lo1; lB1; also satisﬁes hlðx; tÞ4uðx; tÞ for 0oxo 1=m
and t0otoT : In order to prove that this inequality holds in the whole interval of
deﬁnition of hl; i.e., for every 0pxp %L; we consider the problem
wt ¼ ðwm1wxÞx ðx; tÞAð0; %LÞ  ðt0; TÞ;
wð0; tÞ ¼ hlð0; tÞ; tAðt0; TÞ;
wð %L; tÞ ¼ uð %L; tÞ; tAðt0; TÞ;
wðx; t0Þ ¼ uðx; t0Þ; xA½0; %L:
8>><
>>:
We remark that hl is a supersolution while u is a subsolution. Therefore,
hlðx; tÞ4uðx; tÞ for 0oxo %L and t0otoT ; and the result follows. &
This gives the proof of Theorem 2(i).
Lemma 22. Let mX 1 and suppose that the quenching rate is the natural one. Then,
f ðx; tÞ is bounded for every 0pxpL; t40: Therefore, quenching is global.
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Proof. First of all, if the rate is natural, we have that f ð0; tÞXc140 for every t40:
Assume by contradiction that there exists a point 0ox1pL such that there exists a
sequence tj-N with limj-N f ðx1; tjÞ ¼N: Fix M40 large and j0 such that
f ðx1; tj0ÞX2M: We want to perform a comparison argument in order to show
that this implies that f ðx; tÞ4M=2 for every x0oxox1 and t large, for some
x040: To this end we ﬁrst consider the function H solution to the following
problem
0 ¼ ðHm1H 0Þ0 þ aH; xAð0; x1Þ;
Hð0Þ ¼ c1;
Hðx1Þ ¼ M:
8><
>:
In [FPQR] it has been proved that this problem has a unique positive bounded
solution with a maximum located at a point 0ox0ox1: Moreover x0 tends to zero as
M tends to inﬁnity. We now consider the evolution problem
ht ¼ ðhm1hxÞx þ ah; ðx; tÞAð0; x1Þ  ðt0;NÞ;
hð0; tÞ ¼ c1; tAðt0;NÞ;
hm1hxðx1; tÞ ¼ Hm1H 0ðx1Þ; tAðt0;NÞ;
hðx; t0Þ ¼ h0ðxÞ; xAð0; x1Þ:
8>><
>>:
One can check that if h0pH then the solution h to this problem converges to the
above stationary solution H: Indeed, a Lyapunov function for this problem is the
following:
LhðtÞ ¼ 1
2
Z L
0
ðhm1hxðx; tÞÞ2 dx  1
1 m2
Z L
0
hmþ1ðx; tÞ dx  k
m
hmðx1; tÞ;
where k ¼ Hm1H 0ðx1Þ: It satisﬁes
d
dt
LhðtÞ ¼  4ðm þ 1Þ2
Z L
0
jðhðmþ1Þ=2Þtðx; tÞj2 dxp0 ð21Þ
and
C1pLhðtÞpLhð0ÞpC2: ð22Þ
This implies the convergence in a rather standard way, see for instance [ACP]. Since
f is a supersolution to the problem for h if we take h0ðxÞpf ðx; tj0Þ; we have
f ðx; tÞXM=2 in x0oxox1 for every t large. We ﬁnally choose M large enough such
that x0o 1=m; thus getting a contradiction with Lemma 9. &
We now prove the convergence results.
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Proof of Theorem 3. We ﬁrst assume that the quenching is natural. The proof is
based on the existence of the Lyapunov function
Lf ðtÞ ¼ 1
2
Z L
0
ðf m1fxðx; tÞÞ2 dx  1
1 m2
Z L
0
f mþ1ðx; tÞ dx þ 1
2m
f 2mð0; tÞ;
if ma 1: For m ¼ 1 the proof will follow with the obvious logarithmic
corrections. It is easy to see that (21) holds for Lf ; and also the corresponding upper
bound in (22). As to the lower bound, we have to distinguish two cases, since the
second term in Lf changes its sign as m crosses the value m ¼ 1: If mo 1; this
term is positive and we are done, while for m4 1; we need to obtain a bound from
above of
R
f mþ1: This comes from Lemma 22. The convergence follows. This proves
part (i).
Assume now that the quenching is superfast. We follow here the technique
developed by Giga and Kohn [GK] to obtain blow-up rates in semilinear problems.
We deﬁne M ¼ MðtÞ ¼ umð0; tÞ and the function
fMðx; sÞ ¼
1
M
umðx; Mds þ tÞ; d ¼ m  1
m
:
We want to prove the convergence
umðx; tjÞ
umð0; tjÞ ¼ fMj ðx; 0Þ-VðxÞ ¼ ð1þ mxÞþ;
through a sequence Mj ¼ MðtjÞ-N: The function fM is a solution of the following
problem:
ðfMÞs ¼ fdMðfMÞxx; ðx; sÞAð0; LÞ  ðMdt; 0Þ;
ðfMÞxð0; sÞ ¼ mfMð0; sÞ; sAðMdt; 0Þ;
ðfMÞxðL; sÞ ¼ 0; sAðMdt; 0Þ:
8><
>:
Moreover, using that utp0 and uxX0; we get that 0pfMp1 and fMð0; 0Þ ¼ 1:
Since the functions fM are uniformly bounded we have that every sequence fMj is
equicontinuous on ½0; L  ½S; 0 for every So0; cf. [BPU]. Then, fMj-F as Mj-N
uniformly on ½0; L  ½S; 0: It is also easy to see that ðfMj Þs-Fs in a neighbourhood
of ð0; 0Þ:
We claim that there exists a sequence Mj-0 such that
ðfMj Þsð0; 0Þ-0: ð23Þ
If not, i.e., ðfMj Þsð0; 0ÞXC; we get M 0ðtÞ=M1dðtÞXC: Integrating and taking into
account that MðtÞ ¼ umð0; tÞ; we obtain
uð0; tÞXcðT  tÞa;
and then the quenching is not superfast.
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Using now (23), we see that Fsð0; 0Þ ¼ 0:
On the other hand, since utp0; and using Hopf’s Lemma, we obtain that the
function w ¼ Fs satisﬁes w  0: Then F is a solution of
F00 ¼ 0; Fð0Þ ¼ 1; F0ð0Þ ¼ m;
and hence FðxÞ ¼ VðxÞ: This proves part ii), and ﬁnishes the proof. &
As immediate consequences of the above proof, we obtain Theorem 2(ii), since
there exist no self-similar proﬁles if L4L; and also we complete the description of
the quenching sets, Theorem 4.
5. Complete quenching
In this section we prove that solutions of problem (1) have complete quenching.
We consider the sequence un of solutions to the approximate problems
ðunÞt ¼ ðum1n ðunÞxÞx ðx; tÞAð0; LÞ  ð0;NÞ;
ðum1n ðunÞxÞð0; tÞ ¼ fnðunð0; tÞÞ; tAð0;NÞ;
ðum1n ðunÞxÞðL; tÞ ¼ 0; tAð0;NÞ;
unðx; 0Þ ¼ u0ðxÞ; xA½0; L;
8>><
>>:
where
fnðsÞ ¼
sm if sX1=n;
1=n if 0osp1=n:

Consider also the limit,
%uðx; tÞ ¼ lim
n-N
unðx; tÞ:
Proof of Theorem 6. First, let us observe that, for a given t40
unðx; tÞ ¼ uðx; tÞ; ½0; L  ½0; T  t;
for every n large enough. This proves that we recover the solution u as limit of the
approximate solutions un for times toT :
Now let us prove that given e40; unð0; tÞpe for all t4T and n large enough. To
see this fact, let
veðxÞ ¼ eð1þ mxÞ1=m:
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This function ve is a solution of
ðvm1e ðveÞ0Þ0 ¼ 0; xA½0;1=mÞ;
ðvm1e veÞ0ð0Þ ¼ vme ð0Þ;
veð1=mÞ ¼ þN:
Since QðuÞ+½0;1=m; we have
unðx; tÞpveðxÞ
for some t0oT and large n: Thus unð0; tÞpveð0Þ ¼ e: This implies that %u satisﬁes
%uð0; tÞ ¼ 0; t4T ;
and also the equation at any point where %u is positive. Hence
%uðx; tÞ  0; t4T ;
since solutions to the Dirichlet problem with bounded initial data become extinct
instantaneously. This is easily seen by comparison with solutions to our
problem. &
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